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Abstract. The quantum groupSLq(2,R) at roots of unity is introduced by means of duality
pairings with the quantum algebraUq(sl(2,R)). Its irreducible representations corresponding to
theB type of the quantum algebra are constructed through the universalT -matrix. The irreducible
representations corresponding to theA type are also found. An invariant integral on this quantum
group is given. Endowed with that some properties like unitarity and orthogonality of the irreducible
representations are discussed.

1. Introduction

One of the most interesting features of the quantum algebraUq(sl(2)) which does not possess
a classical analogue is the finite-dimensional cyclic irreducible representation which appears
whenq is a root of unity [1–5]. Indeed, cyclic representations appear in different physical
applications like the generalized Potts model [6] and in classification of quantum Hall effect
wavefunctions [7].

A geometric understanding of this feature is lacking due to the fact that structure of the
related quantum groupSLq(2) at roots of unity is not well established, although there are
encouraging results in this direction [8,9]. Whenq is not a root of unitySLq(2) andUq(sl(2))
are duals of each other [10, 11]. Hence, it would be reasonable to extend this property to
obtainSLq(2) whenq is a root of unity. However, this is not straightforward, because when
q is a root of unity the usual dual brackets become ill-defined. To cure this shortcoming one
should alter the usual number of variables taking part in the duality relations. One can then
define the quantum groupSLq(2) at roots of unity. Obviously, this fact should be reflected
in Uq(sl(2)) at roots of unity such that the number of variables needed to define it should be
changed consistently.

Our aim is to clarify the construction ofSLq(2) at roots of unity as a dual ofUq(sl(2)) and
study them in terms of the usual representation theory techniques. Because of the involutions
adopted, we work withSLq(2,R) andUq(sl(2,R)).

In the following we first discussUq(sl(2,R)) andSLq(2,R) for a genericq in terms of
some new variables which are suitable to define orthogonal duality pairings. Then, we discuss
degeneracies arising in dual brackets when we deal withqp = 1 for an odd integerp and
present a procedure for getting rid of them. This yields the definition ofSLq(2,R) at roots of
unity, whose subgroups are also studied.
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Once the concepts are clarified we first study irreducible representations ofUq(sl(2,R))
and then work out the universalT -matrix. These representations as well as theT -matrix,
are utilized to find out irreducible representations ofSLq(2,R) at roots of unity. Finally, we
give the definition of invariant integral onSLq(2,R) and discuss the related structure of the
representations like unitarity and orthogonality.

2. Uq(sl(2,R)) andSLq(2,R) for a genericq

The quantum algebraUq(sl(2,R)) is the∗-Hopf algebra generated byE± andK±1 which
satisfy the commutation relations

KE±K−1 = q±1E± [E+, E−] = K2 −K−2

q − q−1
(2.1)

the comultiplications

1(E±) = E± ⊗K +K−1⊗ E± 1(K) = K ⊗K (2.2)

the counits, the antipodes

ε(K) = 1 ε(E±) = 0 (2.3)

S(K) = K−1 S(E±) = −q±1E± (2.4)

and the involutions

E∗± = E± K∗ = K. (2.5)

The quantum groupSLq(2,R) is the∗-Hopf algebraA(SLq(2,R)) generated byx, y, u
andv satisfying the commutation relations

ux = qxu vx = qxv yu = quy
yv = qvy uv = vu yx − quv = xy − q−1uv = 1

(2.6)

the comultiplications

1x = x ⊗ x + u⊗ v 1u = x ⊗ u + u⊗ y
1v = v ⊗ x + y ⊗ v 1y = v ⊗ u + y ⊗ y (2.7)

the counits, the antipodes

ε(x) = 1 ε(y) = 1 ε(u) = 0 ε(v) = 0 (2.8)

S(x) = y S(y) = x S(u) = −qu S(v) = −q−1v (2.9)

and the involutions

x∗ = x y∗ = y u∗ = u v∗ = v. (2.10)

The involutions adopted (2.10) and the Hopf algebra operations (2.6)–(2.9) imply|q| = 1.
Assume that there exists a∗-representation ofA(SLq(2,R)) such thatx admits the inverse

x−1 and the equality

(1A + q−1uv)−1 =
∞∑
k=0

(−1)k(q−1uv)k (2.11)

holds. 1A and 1U indicate the unit elements of the related Hopf algebras.
Then we introduce the new variables

η+ = q−1/2ux η− = q1/2vx−1 δ = x2 (2.12)
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dictated by the Gauss decomposition(
x u

v y

)
=
(

1A 0
q−1/2η− 1A

)(
1A q1/2η+

0 1A

)(
δ1/2 0
0 δ−1/2

)
(2.13)

satisfying the commutation relations

η−η+ = q2η+η− η±δ = q2δη±. (2.14)

The involutions (2.10) yield

η∗± = η± δ∗ = δ. (2.15)

Through the equality (2.11) we can define the following Hopf algebra operations on these
variables:

1δ = δ ⊗ δ + q−2δ−1η2
+ ⊗ η2

−δ + (1A + q−2)η+ ⊗ η−δ (2.16)

1η+ = η+ ⊗ 1A + δ ⊗ η+ + (1A + q2)η+ ⊗ η+η− + q−2δ−1η2
+ ⊗ (1A + q2η+η−)η− (2.17)

1η− = η− ⊗ 1A + δ−1⊗ η− +
∞∑
k=1

(−1)kq−k(k+1)δ−k−1ηk+ ⊗ ηk+1
− (2.18)

S(δ) = δ−1(1A + q−2η+η−)(1A + η+η−) S(η±) = −δ∓1η± (2.19)

ε(δ) = 1 ε(η±) = 0. (2.20)

Whenq is not a root of unity duality relations betweenUq(sl(2,R)) andA(SLq(2,R))
are given by

〈Ki, δj 〉 = qij i, j ∈ Z (2.21)

〈En±, ηm±〉 = inq±n/2[n]!δn,m n,m ∈ N (2.22)

where

[n] = qn − q−n
q − q−1

is theq-number.

3. Uq(sl(2,R)) andSLq(2,R) whenqp = 

Whenqp = 1 (we deal with ap = odd integer) for any integerj we have the conditions
qjp = 1 and [jp] = 0 so that the dual brackets (2.21) and (2.22) are degenerate. To remove
the degeneracy in (2.21) we put the restrictions

Kp = 1U δp = 1A. (3.1)

By means of these conditions and the new variables

D(m) ≡ 1

p

p−1∑
l=0

q−lmδl

instead of (2.21) we have

〈Kn,D(m)〉 = δn,m n,m ∈ [0, p − 1]. (3.2)

Removing the degeneracies in (2.22) can be achieved in terms of the following two
procedures. Takem, n ∈ [0, p − 1] in (2.22). Let

η
p
± = 0 (3.3)
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but introduce the new variables

z± ≡ lim
qp=1

η
p
±

[p]!
(3.4)

without any condition onE±. In the second procedure there is no condition onη± but on the

generators ofUq(sl(2,R)) : Ep± = 0 with the new variablesZ± ≡ limqp=1
E
p
±

[p]! . The existence
of these limitsz± andZ± is discussed in [5,12] and references therein.

Although, there is another way of defining new variables by setting bothE
p
± = 0 and

η
p
± = 0 which is studied in [9], we will show that it can be obtained as a special case in our

approach.
We deal with the restrictions (3.3) and the new variables (3.4). Now, the duality relations

are

〈En±, ηm±〉 = inq±n/2[n]!δn,m n,m ∈ [0, p − 1] (3.5)

and

〈E s±, zt±〉 = iss!δs,t s, t ∈ N (3.6)

whereE± ≡ (−1)
p+1

2 E
p
±. Obviously,z± commute with the other elements and satisfy the Hopf

algebra operations

S(z±) = −z± ε(z±) = 0 z∗± = z± (3.7)

1z+ = z+ ⊗ 1A + 1A ⊗ z+ +
p−1∑
k=1

qk
2

[k]![p − k]! η
p−k
+ δk ⊗ (−q2η+η−; q2)(p−k)ηk+ (3.8)

1z− = z− ⊗ 1A + 1A ⊗ z− +
p−1∑
k=1

q−k
2

[k]![p − k]! η
p−k
− δ−k(−η+η−; q−2)k ⊗ ηk− (3.9)

where we used the notation

(a; q)k ≡
k∏
j=1

(1− aqj−1).

Let, SLq(2,R|p) denote the∗-Hopf algebraA(SLq(2,R|p)) generated byη± andδ through
the Hopf structure given by (2.14)–(2.20). Due to the restrictions (3.1) and (3.3)SLq(2,R|p)
is a finite group with dimensionp3.

When we deal with anyf (z+, z−) ≡ f (z) ∈ C∞(R2) (the space of all infinitely
differentiable functions onR2)

1(f (z)) = f (z0) + f ′+(z0)c+ + f ′−(z0)c− + f ′′+−(z0)c+c− (3.10)

wherez0 ≡ (z+⊗ 1A + 1A ⊗ z+, z− ⊗ 1A + 1A ⊗ z−) andc± are given by the remaining terms
of (3.8), (3.9) which are nilpotentc2

± = 0. Here,f ′±(z0) andf ′′+−(z0) indicate derivatives off
with respect toz± andz+z− evaluated atz0. We also have

S(f (z)) = f (−z) ε(f (z)) = f (0) f (z)∗ = f (z) (3.11)

where the overbar indicates complex conjugation.

Definition 1. SLq(2,R) at roots of unity(qp = 1) is theC∗–algebraA(SLq(2,R)) =
A(SLq(2,R|p)) × C∞(R2) possessing the Hopf algebra structure given by (2.14)–(2.20)
and (3.10)–(3.11).
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Let the convolution productξ : A → V be a homomorphic map of the Hopf algebraA
onto the linear spaceV . We set

ξ � g = (id ⊗ ξ)1(g) g � ξ = (ξ ⊗ id)1(g) ξ � ξ = (ξ ⊗ ξ)1. (3.12)

ξ � g andg � ξ belong toA ⊗ V andV ⊗ A, respectively;ξ � ξ is a homomorphic map of
A⊗ A ontoV ⊗ V.

Obviously,SLq(2,R|p) is an invariant subgroup ofSLq(2,R)at roots of unity. Moreover,
in terms of the homomorphisimξc : A(SLq(2,R))→ C∞(R2):

ξc(η±) = 0 ξc(δ) = 1 ξc(z±) = z± (3.13)

one can observe that the comultiplication (3.10) yields

ξc � ξc(f (z)) = f (z0). (3.14)

Written on the coordinatesz±:

ξc � ξc(z±) = z± ⊗ 1A + 1A ⊗ z± (3.15)

indicates that∗-Hopf algebraC∞(R2) is the translation group which is a subgroup of the
SLq(2,R) at roots of unity.

There is another subgroupSO(1, 1|p), given in terms of the homomorphism

ξt (η±) = 0 ξt (δ) = t (3.16)

wheretp = 1. The right-sided cosetC(1,1)q = SLq(2,R|p)/SO(1, 1|p) is the subspace of
A(SLq(2,R|p)) defined by

A(C(1,1)q ) = {g ∈ A(SLq(2,R|p)) : ξt � g = g ⊗ 1A}. (3.17)

One can show that

ξt � ηn+ηm−δk = ηn+ηm−δk ⊗ tk. (3.18)

So that,ηn+η
m
−, n,m ∈ [0, p − 1] form a basis ofA(C(1,1)q ). Observe that

e±nm =
η
p−1−n
+ η

p−1−m
− ± ηn+ηm−√

q2n+1 + q−2n−1
n,m ∈ [0, p − 1] (3.19)

defines a basis which is independent in the range

n ∈ [0, n0 − 1] m ∈ [0, 2n0] n = n0 m ∈ [0, n0] (3.20)

wheren0 = p−1
2 . The number of independent elements ofe+

nm ande−nm are p2+1
2 and p2−1

2 .
The quantum hyperboloidH(1,1)

q = SLq(2,R)/SO(1, 1|p) is defined through the subspace of
A(SLq(2,R))

A(H(1,1)
q ) = A(C(1,1)q )× C∞(R2). (3.21)

The homomorphism

ξl(η+) = η ξl(η−) = 0 ξl(δ) = t (3.22)

defines another subgroup ofSLq(2,R)denoted byEq(1). Its Hopf algebra structure is inherited
from that ofA(SLq(2,R)). The right-sided cosetRq = SLq(2,R|p)/Eq(1) is given through
the subspace

A(Rq) = {g ∈ A(SLq(2R|p)) : ξl � g = g ⊗ 1A}. (3.23)

Observe that elements of this space are polynomials inη−. We should also define the following.
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Definition 2. The quantum algebraUq(sl(2,R)) at roots of unity is generated byE±, E± and
K with the restrictionKp = 1U . Its basis elements are

E s+E t−Em+ En−Kk n,m, k ∈ [0, p − 1] s, t ∈ N.
Its ∗-Hopf algebra structure is given by (2.1)–(2.5) and

1(E±) = E± ⊗ 1U + 1U ⊗ E± S(E±) = −E± ε(E±) = 0 E∗± = E±.
In terms of the homomorphismξa : Uq(sl(2,R))→ Uq(sl(2,R|p))

ξa(E±) = E± ξa(K) = K ξa(E±) = 0

we can defineUq(sl(2,R|p)) the sub-Hopf algebra ofUq(sl(2,R)) generated by

E
p
± = 0 Kp = 1U .

Obviously, the discrete quantum algebraUq(sl(2,R|p)) is in non-degenerate duality with
SLq(2,R|p). This is the case studied in [9].

4. Irreducible ∗-representations ofUq(sl(2,R)) whenqp = 

The homomorphismLλ : Uq(sl(2))→ Lin A(SO(1, 1|p)) given by

Lλ(K)t i = q−i t i i ∈ [0, p − 1]
Lλ(E−)t i = t i+1 i = 0, 1, . . . , p − 2
Lλ(E−)tp−1 = λ+t

0

Lλ(E+)t
i = Mit

i−1 i = 1, . . . , p − 1
Lλ(E+)t

0 = atp−1

(4.1)

where the constants are

λ− = a
p−1∏
i=1

Mi Mi = aλ+ − [i − 1][i]

which define the cyclic irreducible representation ofUq(sl(2)) (B-type representation) [1,5].
We would like to find out whenLλ defines a∗-representation. To this aim we introduce

the Hermitian form

(a, b)t = It (a∗b) (4.2)

for a, b ∈ A(SO(1, 1|p)) and the linear functional on it

It (tm) = δm,0(mod p). (4.3)

Moreover, we see that

e±m =
1√
2
(tm ± tp−m) m ∈

[
0,
p − 1

2

]
are orthogonal with respect to the Hermitian form (4.2):

(e±m, e
±
k )t = ±δmk (e∓m, e

±
k )t = 0.

Thus, with the Hermitian form (4.2)∗-Hopf algebraA(SO(1, 1|p)) is the pseudo-Euclidean
space possessingp+1

2 positive andp−1
2 negative signatures.

The adjoint of a linear operator is defined through

(Lλ(φ)a, b)t = (a, (Lλ(φ))∗b)t
whereφ ∈ Uq(sl(2,R)).Hence, we conclude that ifλ± are realLλ defines a∗-representation:

(Lλ(φ))∗ = Lλ(φ∗).
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The linear mapT (l): A(Rq)→ A(SLq(2,R))× A(Rq) given by

T (l)g(η−) = (id ⊗ δ−l)1(δlg(η−))
for l ∈ [0, p−1

2 ] defines irreducible representations ofSLq(2,R). Infinitesimal form of this
global representation is

R(l)(φ)g(η−) = (φ ⊗ id)T (l)g(η−)

whereφ ∈ Uq(sl(2,R)). We see that

R(l)(E+)η
l−m
− = iql+1/2[l +m]ηl−m+1

−
R(l)(E−)ηl−m− = iq−l−1/2[l −m]ηl−m−1

−
R(l)(K)ηl−m− = qmηl−m−

where m ∈ [−l, l]. These are non-cyclic representations ofUq(sl(2,R)) (A type
representations).

5. The universalT -matrix and irreducible representations ofSLq(2,R) at roots of unity

Let the basis elements of the Hopf algebrasU(g) andA(G), respectively,Va andva lead
to the dual brackets〈Va, vb〉 = δba, which are non-degenerate. Then the universalT -matrix
T ∈ U(g)⊗ A(G) can be constructed as [13,14]

T =
∑
a

Va ⊗ va.

As far as the universalT -matrix is known, one can construct corepresentations ofA(G)utilizing
representations ofU(g).

A straightforward calculation leads to the duality brackets

〈E t+E s−En+Em−Kk, zt
′

+z
s ′
−η

n′
+ η

m′
− D(k′)〉 = is+t+n+mq

(n−m)
2 −nms!t ![m]![ n]!

δn,n′δm,m′δs,s ′δt,t ′δk+n+m,k′ (5.1)

wheren,m ∈ [0, p − 1]. Therefore, the universalT -matrix can be written as

T = e−iE+⊗z+−iE−⊗z−
p−1∑

n,m,k=0

i−n−mq
m−n

2 +nm

[n]![m]!
En+E

m
−K

k ⊗ ηn+ηm−D(k + n +m). (5.2)

Arranging the elements and using the cut-offq-exponentials

ex± =
p−1∑
r=1

q±r(r−1)/2

[r]!
xr

the universalT -matrix can also be written as

T = e−iE+⊗z+−iE−⊗z−eiε+⊗η+
+ eiε−⊗η−

− D(K, δ) (5.3)

where we introduced

ε± = −q±1/2E±K−1

D(K, δ) = 1

p

p−1∑
k,l=0

q−mlKk ⊗ δl.

Using the explicit form (5.3) one can show that

[(∗ ⊗ ∗)T ] · T = 1A ⊗ 1U T · (∗ ⊗ ∗)T = 1A ⊗ 1U . (5.4)
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In general, theT -matrix also satisfies

(id ⊗1)T = (T ⊗ 1A)(id ⊗ σ)(T ⊗ 1A) (5.5)

whereσ(F ⊗G) = G⊗ F , F ,G ∈ A(SLq(2,R)), is the permutation operator.
Let us illustrate how one obtains irreducible representations ofSLq(2,R) by making use

of the universalT -matrix (5.2). LetT (λ) : A(SO(1, 1|p))→ A(SO(1, 1|p))⊗A(SLq(2,R)),
be

T (λ)a = e−iLλ(E+)⊗z+−iLλ(E−)⊗z−eiLλ(ε+)⊗η+
+ eiLλ(ε−)⊗η−

− D(Lλ(K), δ)(a ⊗ 1A). (5.6)

Because of (5.5) and the irreducibility of the representationLλ we conclude thatT (λ)a gives a
p-dimensional irreducible representation of the quantum groupSLq(2,R) in the linear space
A(SO(1, 1|p)). Let us extend the Hermitian form (4.2) to

{a ⊗ F, b ⊗G}t = (a, b)tF ∗G (5.7)

whereF , G ∈ A(SLq(2,R)) anda, b ∈ A(SO(1, 1|p)). Whenλ± are real numbers the
condition (5.4) yields

{T (λ)a, T (λ)b}t = (a, b)t1A. (5.8)

Thus the irreducible representationT (λ) is pseudo-unitary whenλ± are real.
We can obtain matrix elements of the irreducible pseudo-unitary representations as

Dλ
mn = {tp−m ⊗ 1A, T

(λ)tn}t . (5.9)

For some specific values ofn, m we performed the explicit calculations:

Dλ
00 = e−iλ+z+−iλ−z−

{
1 +

p−1∑
m=1

(−1)m

([m]!)2

( m∏
j=1

Mj

)
ρm
}

(5.10)

whereρ = qη+η−. For i 6= 0, we obtain

Dλ
i0 = e−iλ+z+−iλ−z−

{ p−i−1∑
m=0

(−1)mi−iqi(m−1/2)

[m]![m + i]!

( m+i∏
j=1

Mj

)
ρmηi−

+
i−1∑
m=0

(−1)mii−pqi(p−1)/2−im

[m]![p +m− i]!
( m∏
j=0

Mj

)
η
p−i
+ ρm

}
(5.11)

where the definitionM0 ≡ λ+ is adopted.
The pseudo-unitarity condition (5.8) implies

(Dλ
0m)
∗Dλ

0n +
p−1∑
k=1

(Dλ
km)
∗Dλ

p−kn = (tm, tn)t1A. (5.12)

Special cases are

(Dλ
00)
∗Dλ

00 +
p−1∑
k=1

(Dλ
0k)
∗Dλ

0p−k = 1A

(Dλ
0i )
∗Dλ

0p−i +
p−1∑
k=1

(Dλ
ki)
∗Dλ

p−kp−i = 1A.

(5.13)

Moreover, we have the addition theorem

1(Dλ
nm) =

p−1∑
k=0

Dλ
nk ⊗Dλ

km.
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6. Regular representation ofSLq(2,R)

The comultiplication

1 : A(SLq(2,R))→ A(SLq(2,R))⊗ A(SLq(2,R)) (6.1)

defines the regular representation ofSLq(2,R) in the linear spaceA
(
SLq(2,R)

)
. The right

and left representations ofUq(sl(2,R)) corresponding to the regular representation (6.1) are
given, respectively, by

R(φ)F ≡ φ̂F = F � φ
and

L(φ)F ≡ φ̃F = φ � F
whereF ∈ A (SLq(2,R)) . Straightforward calculations yield the right representations

Ê+η
n
+ = iq1/2[n]ηn−1

+ + iq1/2−n[2n]η−ηn+ Ê+η
n
− = iq−1/2[n]ηn+1

−
Ê−ηn− = iq−1/2[n]ηn−1

− K̂ηn± = q±nηn±
Ê−ηn+ = 0 Ê−δn = 0

Ê+δ
n = i(q−3/2−n + q−3n−7/2)[n + 1]η−δn(1− δn,0) K̂δn = qnδn

Ê±f (z+, z−) = iq±1/2

[p − 1]!
η
p−1
±

df (z+, z−)
dz±

K̂z± = z±

and the left representations

Ẽ+η
n
+ = iqn−3/2[n]δηn−1

+ Ẽ−ηn+ = iq−n−1/2δ−1ηn+1
+

Ẽ−ηn− = iq3/2−n[n]δ−1ηn−1
− K̃ηn± = ηn±

Ẽ+η
n
− = 0 Ẽ+δ

n = 0

Ẽ−δn = iq3/2−n[2n]η+δ
n−1(δn,0 − 1) K̃δn = qnδn

Ẽ±f (z+, z−) = iq∓1

[p − 1]!
η
p−1
± δ±

df (z+, z−)
dz±

K̃z± = z±.

The right representation of any elementφ ∈ Uq(sl(2,R)) can be found through the above
relations and making use of the properties

R(φφ′) = R(φ′)R(φ)
Ê±(XY) = Ê±XK̂Y + K̂−1XÊ±Y
K̂XY = K̂XK̂Y.

For the left representations similar properties hold.
Although the quantum algebraUq(sl(2,R)) at roots of unity possesses three Casimir

elementsE± and

C = E−E+ +
(qK − q−1K−1)2

(q2 − q−2)2

only two of them are independent. Thus, irreducible representations ofUq(sl(2,R)) at roots
of unity are labelled by two indices. A method of constructing the irreducible representations
ofUq(sl(2,R)) at roots of unity is to diagonalize the complete set of commuting operatorsÊ±,
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Ĉ andK̂ on the quantum hyperboloid. Indeed, the matrices (5.10) and (5.11) can be shown to
satisfy

ĈDi0 = aλ+Di0 i ∈ [0, p − 1]

Ê±Di0 = (−1)
p+1

2 λ±Di0 i ∈ [0, p − 1]

Ê+D
λ
i0 = Dλ

(i+1)0 i ∈ [0, p − 2]

Ê+D
λ
(p−1)0 = λ+D

λ
0,0

Ê−Dλ
i0 = MiD

λ
(i−1)0 i ∈ [1, p − 1]

Ê−Dλ
00 = aDλ

0(p−1).

Similar constructions can also be done in terms of the left representations.

7. Invariant integral on SLq(2,R) at roots of unity

Recall that the invariant integralI on the quantum groupGq is a linear functional on the Hopf
algebraA(Gq) which for any elementa ∈ A(Gq) satisfies the left

I � a = 1AI(a) (7.1)

and the right

a � I = 1AI(a) (7.2)

invariance conditions.
The linear functionalIp on the Hopf algebraA(SLq(2,R|p)) given by

Ip(ηn+ηm−δk) = q−1δn,p−1δm,p−1δk,0(mod p) (7.3)

defines the invariant integral on the quantum groupSLq(2,R|p). To prove that in fact the
conditions (7.1) and (7.2) are satisfied, we proceed as follows. SinceA(SLq(2,R|p)) is a
finite Hopf algebra it is sufficient to show that (7.1) and (7.2) are satisfied after taking their
dual pairings:

Ip(R(φ)P ) = Ip(P )ε(φ) (7.4)

Ip(L(φ)P ) = Ip(P )ε(φ) (7.5)

for all elementsφ ∈ Uq(sl(2,R)) andP ∈ A(SLq(2,R|p)). One can show that

Ip(Ê±ηn+ηm−δk) = 0 Ip(K̂ηn+ηm−δk) = Ip(ηn+ηm−δk) (7.6)

Ip(Ẽ±ηn+ηm−δk) = 0 Ip(K̃ηn+ηm−δk) = Ip(ηn+ηm−δk). (7.7)

Moreover, for any two elementsφ1, φ2 right and left representation satisfy the relations

Ip(R(φ1φ2)P ) = ε(φ1φ2)Ip(P )
Ip(L(φ1φ2)P ) = ε(φ1φ2)Ip(P ).

Therefore, (7.4) and (7.5) are satisfied. This leads to the conclusion that (7.3) is the invariant
integral onSLq(2,R|p).

Observe that

Ip(P ∗) = Ip(P ) (7.8)

and define the Hermitian form(·, ·)p on the quantum groupSLq(2,R|p) as

(P,Q)p = Ip(PQ∗). (7.9)



SLq(2,R) at roots of unity 1905

The basis elementse±nm (3.19) ofA(C(1,1)q ) are orthonormal in terms the above form:

(e±nm, e
±
n′m′)p = ±δnn′δmm′ (e±nm, e

∓
n′m′)p = 0.

Any elementπ ∈ A(C(1,1)q ) can be represented as

π =
∑
nm

π+
nme

+
nm +

∑
nm

π−nme
−
nm (7.10)

whereπ±nm ∈ C andn,m take values in the domain (3.20). Then, the norm ofπ

(π, π)p =
∑
nm

π+
nmπ

+
nm −

∑
nm

π−nmπ
−
nm (7.11)

shows that the metric of the spaceA(C(1,1)q )possessesp
2+1
2 positive andp

2−1
2 negative signatures.

We should also define invariant integral on the translation subgroup for being able to obtain
it on SLq(2,R).

Let C∞0 (R2) be the space of all infinitely differentiable functions with finite support in
R2. The linear functional onC∞0 (R2):

Ic(f ) =
∫ ∫ ∞
−∞

dz+dz−f (z+, z−). (7.12)

wheref ∈ C∞0 (R2), is clearly the invariant integral on the translation group satisfying

(Ic ⊗ id)(ξc � ξc)(f ) = Ic(f ) (id ⊗ Ic)(ξc � ξc)(f ) = Ic(f ). (7.13)

LetA0(SLq(2,R)) be the subspace ofA(SLq(2,R)) defined as

A0(SLq(2,R)) = C∞0 (R2)× A(SLq(2,R|p)) (7.14)

andIw be the linear functional acting on it as

Iw(F ) =
∑
n

Ip(Pn)Ic(fn) (7.15)

whereF = ∑n Pnfn andfn ∈ C∞0 (R2), Pn ∈ A(SLq(2,R|p)). Let us prove thatIw is the
invariant integral onA0(SLq(2,R)). On an elementG = Pf we have

Iw �G = (id ⊗ Iw)1(P )1(f ). (7.16)

One can observe from (3.14) that any functionf (z) evaluated atz = z0 can be written as

f (z)|z0 = ξc � ξc(f (z)).
Hence, (7.16) yields

Iw �G = (id ⊗ Iw){1(P )[ξc � ξc(f ) + c+ξc � ξc(f ′+) + c−ξc � ξc(f ′−) + c+c−ξc � ξc(f ′′+−)]}.
by making use of (3.10). Moreover, the properties of the invariant integrals (7.3), (7.12) and
(7.15) permits us to write

Iw �G = Ip(P )Ic(f ) + (id ⊗ Ip){1(P )[c+Ic(f ′+) + c−Ic(f ′−) + c+c−, Ic(f ′′+−)]}. (7.17)

Becausef ∈ C∞0 (R2), we have

Ic(
df

dz±
) = Ic( d2f

dz+ dz−
) = 0. (7.18)

Hence,

Iw �G = Ip(P )Ic(f ) = Iw(G) (7.19)

which together with the linearity of the functionalIw implies

Iw � F = Iw(F ) for any F ∈ A0(SLq(2,R)). (7.20)
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The right invariance condition can be proved similarly. Therefore,Iw is the invariant integral
on the quantum groupSLq(2,R) at roots of unity.

Let us introduce the bilinear form

(F,G)w = Iw(FG∗) (7.21)

whereF,G ∈ A0(SLq(2,R)), which is Hermitian because

Iw(F ∗) = Iw(F ). (7.22)

Consider the subspace ofA0(SLq(2,R))

A0(H
(1,1)
q ) = C∞0 (R2)× A(C(1,1)q ) (7.23)

whose arbitrary elementX can be written as

X =
∑
nm

f +
nme

+
nm +

∑
nm

f −nme
−
nm (7.24)

wheree±nm are given by (3.19) in the domain (3.20). We then have

(X,X)w =
∑
nm

Ic(f +
nmf

+
nm)−

∑
nm

Ic(f −nmf
−
nm). (7.25)

Thus,A0(H
(1,1)
q ) endowed with the Hermitian form (7.21) is a pseudo-Euclidean space.

The comultiplication

1 : A0(H
(1,1)
q )→ A0(SLq(2,R))⊗ A0(H

(1,1)
q )

defines the left quasi-regular representation ofSLq(2,R) in A0(H
(1,1)
q ). Let us extend the

Hermitian form( , )w to { , }w by setting

{F ⊗X,G⊗ Y }w ≡ FG∗(X, Y )w
whereF,G ∈ A0(SLq(2,R)) andX, Y ∈ A0(H

(1,1)
q ). We have

{1(X),1(Y )}w = 1A(X, Y )w (7.26)

which implies that the left quasi-regular representation is pseudo-unitary.
For anyφ ∈ Uq(sl(2,R))andF ∈ A0(SLq(2,R)) the duality brackets satisfy the property

〈φ∗, F 〉 = 〈φ, (S(F ))∗〉
which together with the pseudo-unitarity condition (7.26) implies

(R(φ)X, Y )w = (X,R(φ∗)Y )w.
Thus, the antihomomorphismR : Uq(sl(2,R)) → LinA0(H

(1,1)
q ) given in section 6 defines

the∗-representation of the quantum algebra in the pseudo-Euclidean spaceA0(H
(1,1)
q ).

Note that the matrix elements of the pseudo-unitary irreducible representations (5.10),
(5.11) satisfy the orthogonality condition

(Dλ
n0,D

λ′
m0)w = δ(λ+ − λ′+)δ(λ− − λ′−)Nnδn+m,0(modp)

whereNn are some normalization constants.
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